We study lattice QCD with staggered sea and Ginsparg-Wilson valence quarks. The Symanzik effective action for this mixed lattice theory, including the lattice spacing contributions of O(a 2 ), is derived. Using this effective theory we construct the leading order chiral Lagrangian. The masses and decay constants of pseudoscalars containing two Ginsparg-Wilson valence quarks are computed at one loop order.
I. INTRODUCTION
Unquenched simulations with fermions that satisfy the Ginsparg-Wilson relation [1] are computationally much more demanding than those with staggered or Wilson fermions. A precise comparison between the numerical cost depends on many details of the simulation, for example the lattice spacing, the quark masses and also the practical implementation of the Ginsparg-Wilson (GW) fermion, i.e., how well the overlap [2, 3, 4] or the domain-wall fermion [5, 6] is approximated. A recent review [7] , however, suggests that dynamical Ginsparg- Wilson fermions may be about ten to hundred times more expensive than corresponding simulations at comparable masses with either improved staggered fermions using the Asqtad action [8, 9, 10] or twisted-mass Wilson fermions [11] . For that reason most dynamical GW simulations so far have been carried out on small volumes together with rather heavy quark masses (see Ref. [7] and references therein). Simulating volumes and quark masses comparable to those in present-day staggered simulations [10] , for example, is out of reach in the near future.
A computationally affordable compromise for certain applications may be so-called mixed fermion simulations. This type of simulation employs GW fermions only for the valence quarks, while the sea quarks are either staggered or Wilson fermions. In such an approach at least the valence sector exhibits all the benefits stemming from the exact chiral symmetry at non-zero lattice spacing [12] . Moreover, provided one can use already existing unquenched configurations generated with either staggered or Wilson fermions, mixed simulations only require the computation of correlators in the background of these configurations.
The additional numerical cost is therefore comparable to quenched GW fermion simulations.
Indeed, preliminary results using the publicly available MILC configurations together with domain-wall or overlap valence fermions have been reported recently [13, 14, 15] .
In this paper we construct the low-energy chiral effective Lagrangian for a mixed lattice theory with staggered sea and GW valence quarks. Based on this effective Lagrangian we compute the pseudoscalar meson masses and decay constants to one loop. Our results provide the leading quark mass and lattice spacing dependence of these quantities. The formulae are needed in order to analyze numerical data of mixed simulations. This paper parallels Refs. [16, 17] , where the chiral Lagrangian for the mixed lattice theory with Wilson sea quarks and GW valence quarks was constructed. We first find all the relevant operators of O(a 2 ) in the Symanzik effective action [18, 19] for the mixed lattice theory. A spurion analysis similar to that in ordinary χ PT [20, 21, 22 ] is applied to the Symanzik effective action [23, 24] . The result is a chiral effective theory that exhibits explicit quark mass and lattice spacing dependence of the underlying lattice theory. A recent review of this method can be found in Ref. [25] .
The leading order chiral Lagrangian presented here includes the lattice spacing effects proportional to a 2 . Compared to the leading order Lagrangian of staggered χ PT [26, 27, 28, 29] , which is the appropriate low-energy effective theory for "unmixed" lattice QCD with staggered sea and valence quarks, it contains only one additional operator together with an undetermined low-energy constant. This new operator contributes to the masses of "mixed" mesons (one valence and one sea quark) at tree level in the chiral expansion.
The decay constant of valence-valence mesons then receives contributions from the new operator through the mixed meson masses at one loop. However, the masses of valencevalence mesons themselves get no one-loop contribution from the new operator. Besides an analytic contribution of O(m quark a 2 ), the one-loop pseudoscalar masses depend only on the leading order low-energy constants of staggered χ PT and the next-to-leading order (NLO) low-energy constants of continuum χ PT, the Gasser-Leutwyler coefficients. To the extent that these low energy constants are known from previously performed staggered simulations [10] , the quark mass and lattice spacing dependence of the valence-valence pseudoscalar mesons in the mixed theory are highly restricted and depend on only one free parameter.
The paper is organized as follows: In section II we discuss the Symanzik effective action for the mixed lattice theory and list all those operators that are relevant in the subsequent analysis. We then perform the necessary spurion analysis and derive the O(a 2 ) terms in the chiral effective Lagrangian. The tree-level meson masses are written down in section III A.
In section III B we calculate the valence-valence meson masses at one loop; while the corresponding calculation of the pseudoscalar decay constants is given in section III C. We conclude with a discussion of the results in section IV. Appendix A is devoted to some technical details of our calculation.
II. THE CHIRAL EFFECTIVE LAGRANGIAN A. Lattice theory
Mixed fermion theories are a generalization of partially quenched theories. Theoretically they can be formulated by an action with anti-commuting sea and valence quarks and commuting valence ghosts [30] , where the quark masses and the Dirac operators are chosen differently in the sea and in the valence sector. 1 In the following we consider a mixed theory with N f staggered sea and N V valence fermions.
The sea sector is described by the standard staggered fermion action,
where ∇ µ denotes the gauge covariant central difference operator and m Sea is the N f × N f mass matrix in the sea sector. For brevity we have suppressed the flavor and color
indices. This action is invariant under lattice rotations, axis reversal, and translations by one lattice spacing (the so-called shift symmetry). In addition, the single-flavor staggered theory possesses vector and (in the massless case) axial-vector U(1) symmetries. The explicit expressions for the field transformations that correspond to these symmetries can be found in Ref. [32] . For N f flavors, these symmetries extend to a U(N f ) ℓ × U(N f ) r symmetry [28] that corresponds to flavor transformations on the odd and even sites separately.
2
The action for the valence and ghost quarks is given by
The valence and ghost quark masses are contained in the 2N V ×2N V mass matrix m Val . The Dirac operator D GW is assumed to be a local operator that satisfies the Ginsparg-Wilson relation [1] , realized by either overlap [2, 3, 4] or domain-wall fermions [5] . Crucial is that the valence action has an exact chiral symmetry if the valence mass is set to zero [12] . In addition it is invariant under the lattice symmetries (translations, rotations and reflections).
1 Instead of this "ghost" formulation one could also employ the "replica method" with valence quarks only [31] . 2 The subscripts ℓ and r are used instead of L and R because the chiral rotations in U (N f ) ℓ × U (N f ) r act on the spin and taste degrees of freedom (see Ref. [28] ).
B. Symanzik action
At momenta p much below the lattice cut-off momentum 1/a, the long distance physics of the lattice theory can be described by the continuum Symanzik effective theory [18, 19] . The effects due to a non-zero lattice spacing appear in the form of higher dimensional operators in the effective action, multiplied by appropriate powers of a. These operators are constrained by the symmetries of the underlying lattice theory. The Symanzik effective action for the mixed lattice theory has the generic form
The first term is the known continuum partially quenched QCD action [30, 33] containing 4N f sea quark fields ψ S , ψ S , and N V valence quark and ghost fields ψ V , ψ V .
3 Each staggered flavor field comes in four different tastes, hence the four-fold degeneracy in the sea quark sector. The mass matrix consists of the renormalized quark masses proportional to the bare lattice quark masses. The symmetries of the lattice action forbid any dimension three operator that would lead to an additive mass renormalization.
There are no terms linear in a in eq. (3), because no dimension five operator is compatible with the symmetries of the underlying lattice theory. Dimension five quark bilinears with two valence fields are ruled out by the chiral symmetry in the valence sector [34] , and staggered quark bilinears are forbidden by the axial U(1) and the shift symmetry [35, 36] .
Mixed bilinears with one sea and one valence field are not compatible with the separate flavor symmetries in the sea and valence sector.
In order to find the terms in S 6 it will be convenient to distinguish three types of operators:
Operators that involve only sea quark fields, operators that contain only valence quark fields and those that contain both. 4 The terms of the first two types have been constructed previously and can be found in the literature. The operators involving only sea quark fields are listed in Refs. [26, 37] for the N f = 1 case, and the results were generalized to the arbitrary N f case in Refs. [28, 38] . Similarly, the operators containing only valence fields 3 We collect a valence quark field ψ q V and the associated ghost fieldψ
, and similarly for the anti-valence fields. 4 We do not need to discuss purely gluonic operators, which also appear at O(a 2 ), since they transform trivially under chiral transformations and therefore will not affect the form of the chiral effective Lagrangian.
are listed in Ref. [17] , where the Symanzik action for the mixed lattice theory with Wilson sea and GW valence quarks was constructed.
What remains to be done here is the construction of the mixed operators containing sea and valence fields. Bilinears of dimension six with one sea and one valence field are ruled out by the separate flavor symmetries in the sea and valence sector, analogously to the dimension five bilinears. The mixed operators are therefore four-fermion operators that are products of two bilinears, one from the sea and one from the valence sector.
We construct these four-fermion operators by closely following the procedure described in Ref. [26] . We first construct all relevant lattice operators that are compatible with the symmetries of the lattice theory and correspond to dimension 6 four-fermion operators in the continuum limit. Sending then a to zero gives the desired terms in the Symanzik action.
This procedure was used in Ref. [26] to construct all four-fermion operators made of two staggered quark bilinears. The method is easily adapted to the mixed operators. We present the details of the construction in Appendix A and quote here the final result.
The allowed mixed four-fermion operators are of the form
The matrix γ Spin represents one of the sixteen Clifford algebra elements and t a Color denotes a color gauge group generator. 5 The Dirac and color indices are contracted in such a way that the four-fermion operator is a singlet under O(4) rotation symmetry and color. Furthermore, in writing eq. (4) it is understood that the bilinear ψ V (γ Spin ⊗ t a Color )ψ V is an SU(N V |N V ) flavor singlet and that the bilinear ψ S (γ Spin ⊗ t a Color )ψ S is an SU(4N f ) taste singlet. It is worth emphasizing that the mixed four-fermion operators do not break the taste symmetry in the sea quark sector.
The separate axial symmetries in the sea and valence sector imply that the bilinears in eq. (4) transform either as a vector or an axial vector. Writing γ Spin ⊗ t a Color more compactly as γ S t a we therefore find only four mixed four-fermion operators that are allowed by the symmetries:
The identity in color space, for which we use the notation t 0
Color , is also allowed here.
where we have explicitly separated out bilinears containing the color identity matrix, and now restrict t a to be traceless, summing over a.
C. Spurion analysis
The leading term in the Symanzik action, S 4 , is just the continuum action of partially quenched QCD. In the massless limit it is invariant under the flavor symmetry group
which is expected to be spontaneously broken to its vector part
The low-energy physics is therefore dominated by Nambu-Goldstone bosons. These pseudoscalar bosons acquire small masses due to non-vanishing quark masses and a non-zero lattice spacing. The latter contribution has its origin in chiral symmetry breaking terms in S 6 .
To construct the chiral Lagrangian that describes these pseudoscalar bosons we follow the In order to perform the spurion analysis for the mixed theory it is convenient to introduce the following notation. We collect the quark and anti quark fields in single fields,
where ψ V contains both the anticommuting valence quarks and the commuting ghost fields.
The mass matrix is given by m = diag(m S , m V ), with m S being the 4N f × 4N f mass matrix for the sea quarks and m V is the 2N V × 2N V mass matrix for the valence quarks and valence ghosts. We also introduce the projection operators
where I S denotes the 4N f × 4N f identity matrix in the sea sector, and I V the 2N V × 2N V identity matrix in the space of valence fields.
For our purposes it will not be necessary to construct all spurion fields that make the Symanzik action in eq. (3) invariant. Most of the analysis has already been done and we can rely on previously published results. The results of the spurion analysis to O(a 2 ) for the case with staggered sea and valence quarks were written down in Ref. [28] ; the analysis can be found in detail in Ref. [38] , which also works to higher order. Since now only the sea sector contains staggered quarks all we need to do is to include the projector P S appropriately in all spurion fields associated with sea quarks in this reference. These spurion fields render invariant all terms in the Symanzik effective action that are built only of sea quarks. To illustrate this point consider the mass term for the sea quarks, ψ S m S ψ S . In Ref. [38] this term is made invariant by promoting the mass to a spurion field that transforms as m S → Lm S R † under left-and right transformations L and R. In order to make use of this spurion field in the mixed theory we write ψ S m S ψ S = ΨP S mP S Ψ and assume the same transformation property as before, i.e., m → LmR † . The constant value to which the spurion is assigned in the end, however, is now P S mP S . One can proceed analogously with all the other spurion fields in Ref. [38] . From the results in Ref. [17] for the mixed theory with Wilson sea quarks and GW valence quarks we can directly determine the spurion fields that are necessary to make the valence field operators invariant. What we need in addition are the new spurion fields that make the mixed four-fermion operators in eq. (5) invariant.
We want to emphasize that the mixed four-fermion operators do break the symmetry group G PQ QCD , even though each bilinear in them couples fields of the same chirality only.
The reason is that any four-fermion operator that is invariant under all transformations in G PQ QCD must be of the form
where Γ represents one of the four combinations γ S t a in eq. (5). All three types of fourfermion operators on the right hand side of eq. (9) appear in the Symanzik effective action.
However, because the lattice theory does not posses any symmetries relating the staggered sea and the GW valence fermions, they do not enter with the same coefficient in front in order to sum up to the square on the left hand side. Consequently, although an arbitrary linear combination of the three operator types is invariant under the subgroup 
The constant values to which the spurion fields are assigned to in the end carry the subscript "0". The spurion fields transform as 4-tensors under chiral flavor transformations and therefore carry four indices, which need to be properly contracted with the indices of the fermion fields in order to form invariants.
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For example, decomposing
Both bilinears in the first term on the right hand side couple left-handed fields only. It is made invariant with the spurion field D, where the indices are contracted according to
The other three terms in eq. (11) are analogously made invariant using the spurion fields E, F and G.
We remark that the spurion fields in eq. (10) transform in the same way as the ones for the valence-valence four-fermion operators; they differ only in their constant final values: [17] .
D. Chiral Lagrangian
Assuming that the symmetry in eq. (6) is spontaneously broken down to its vector part, the particle spectrum contains light pseudoscalar bosons. These bosons are described by the 6 Spurion fields with the same transformation properties appear also in weak matrix element studies. See
Ref. [39] and references therein.
which is an element of
. Φ is a matrix that collects the pseudoscalar fields in the usual way [33] . For example, for three sea quark flavors (u, d and s) and two valence flavors (x, y for the valence quarks andx,ỹ for the valence ghosts) we arrange the fields as follows:
Here P + , X and Y are the xȳ, xx, and yȳ valence bound states, respectively;P + ,X andỸ are the analogous combinations of valence ghost quarks. Rx x is the (fermionic) bound statẽ xx, and similarly for Rx y , Rỹ x , and Rỹ y . Likewise, Q F v represents the mixed bound state Fv, where F is a sea quark, F ∈ {u, d, s}, and v is a valence quark, v ∈ {x, y}. 7 Q F v is a 4 × 1 matrix in taste; while Q † F v ≡ Q vF is a 1 × 4 matrix. The sea-quark bound state fields are U, π + , K + , etc. These are 4 × 4 matrices when we take into account the taste degree of freedom. We write
(and similarly for π + , K + , . . .) where
are the sixteen taste matrices in the form of Euclidean gamma matrices (ξ I denotes the 4 × 4 identity matrix). Unlike Ref. [28] , we include a factor of 2 in eq. (13) and divide T b by 2 in eq. (15) in order to keep a consistent normalization of all fields in eq. (14). 7 We have not bothered to name the mixed bound states of sea quarks with ghost valence quarks in eq. (14) because such states will not enter into the calculations below.
Under chiral symmetry transformations in eq. (6), the field Σ transforms as
where
The chiral Lagrangian is expanded in powers of p 2 , m q and a 2 , where m q stands generically for either a sea or a valence quark mass. We adopt a power counting that assumes that the size of the chiral symmetry breaking due to the quark masses and the discretization effects are of comparable size, i.e.,
where Λ QCD denotes the typical QCD scale, of the order of 300 MeV. A different power counting is necessary if one of the two parameters m q /Λ QCD and a 2 Λ 2 QCD is much larger than the other one. However, the approximate equality in eq. (18) is realized in current lattice simulations using improved staggered fermions [10] .
Assuming eq. (18), the leading order chiral Lagrangian contains the terms of
and is of the form
Here . . . denotes a supertrace in flavor space and the parameters f and B are undetermined low-energy constants. 8 For our concrete example of three sea quark flavors and two valence
As in Ref. [27, 28, 29] , for convenience we leave explicit the m 2 0 term, which is allowed because of the anomaly, and we take m 2 0 → ∞ at the end. Note that
where U I is the taste singlet component of U (eq. (15)), and similarly for D I and S I .
The potential V in the leading order Lagrangian comprises all terms proportional to a 2 .
For our mixed theory it can be written as a sum of three terms,
The first two terms are just the known taste breaking potentials for the sea sector [26, 28] :
Here we introduced the short hand notationξ 5 = (ξ 5,taste ⊗ 1 flavor ) ⊕ 1 V , etc., for the multiflavor generalizations of the taste matrices T b . For instance, in our concrete example we
. The coefficients C i are low-energy constants.
Note that all terms in the two potentials U S and U ′ S only involve the fields in the upper left sea-sea block of Σ. This is easily seen by first noting that the matricesT b commute with the projector P S . Consequently, the structure T b P S ΣT b P S Σ † , for instance, can also be written as T b P S ΣP S T b P S Σ † P S . This is not surprising. The taste matricesT b played the role of spurion fields in the derivation of the potential U S + U ′ S in Ref. [28, 38] . As explained in section II C, the spurion fields need to be sandwiched by the projector P S in the mixed theory, i.e.,T b → P STb P S . In fact, that was the way we obtained the potential U S + U ′ S without repeating the details of the spurion analysis in Ref. [28, 38] .
The remaining potential U V comprises all terms that stem from the operators in the We can only form non-trivial invariants with the fields F and G, which collapse to the same term once the spurion fields are set to their final value:
Here we used P S = 1 2
(I + τ 3 ) and P V = 1 2
(I − τ 3 ), with τ 3 = diag(I S , −I V ) and dropped an irrelevant factor of 1/4. When we write (I ± τ 3 ) for F 1,2 and G 1,2 , the fields Σ and Σ † cancel whenever they sandwich the identity matrix. The only non-trivial operator is the one involving two τ 3 matrices.
The last terms in U V stem from the four-fermion operators involving only valence fields.
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As we remarked at the end of the last section, the corresponding spurion fields transform exactly as the ones for the mixed four-fermion operators. The only difference is the final constant value; a 2 P S ⊗ P V is replaced by a 2 P V ⊗ P V . This change only involves a sign flip in the first projection operator, and therefore leads to the same term a 2 τ 3 Στ 3 Σ † for the chiral Lagrangian.
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We conclude that the leading order chiral Lagrangian for the mixed action theory with staggered sea and GW valence quarks contains only one more operator compared to the chiral Lagrangian of S χ PT:
The potential V for the mixed action theory involves nine unknown low-energy constants compared to eight in S χ PT. We want to emphasize that the eight constants in U S + U ′ S are the same constants as those in S χ PT. Some combinations of them have already been determined by fits to staggered lattice data [10] .
The potential U S + U ′ S breaks the SU(4) taste symmetry in the sea sector but not entirely -an accidental SO(4) subgroup remains unbroken [26] . The part U V , on the other hand, preserves the full SU(4) taste symmetry. This is expected because the four-fermion operators in eq. (5), which give rise to U V , are trivial in taste space. Interaction vertices involving pseudoscalars with one or more valence-quark constituents stem from U V only. The SU (4) taste symmetry implies that correlation functions that include such external pseudoscalars respect the SU(4) taste symmetry in one-loop NLO diagrams. Analytic, taste symmetry 9 The allowed valence bilinears either have the same symmetries as the lowest order terms, in which case they merely give O(a 2 ) corrections to lowest order parameters, or they have different symmetries (violate O(4) rotation invariance) and contribute only at higher order in the chiral expansion [17] . 10 This also explains that this term is present independently of a change of basis in the Symanzik effective action. Using eq. (9) 
III. PSEUDOSCALAR MASSES AND DECAY CONSTANTS
In this section we compute the one-loop expressions for the (valence-valence) pseudoscalar masses and decay constants. For concreteness we now restrict ourselves to the case with three sea quark flavors and two valence quark flavors. This is the most relevant case phenomenologically. Further, the resulting one-loop expressions can be readily used in the analysis of unquenched configurations generated with the Asqtad action by the MILC collaboration (see Refs. [9, 10] and references therein).
In the following we also adjust for the so-called "fourth root trick", which is commonly employed in staggered simulations in order to reduce the taste degree of freedom from four to one. In the context of the chiral effective theory this adjustment requires proper insertions of factors of 1/4 in the sea quark loop contributions in our expressions [27] , depending on the quark flow [40] that corresponds to the meson loop diagram in the chiral effective theory.
The fourth root trick raises legitimate locality questions and its validity is controversial.
Recently various studies have addressed this issue using either numerical or analytical methods [41, 42, 43] . In the following we assume that the "fourth root trick" can be given a field theoretically sound underpinning, so that we can follow the procedure described in Ref. [27] . 
Of course such relations follow immediately from the exact chiral symmetry (for massless quarks) in the valence sector.
In the sea-sea sector, U S and U ′ S contribute, and the tree-level results are identical to those in Ref. [28] . For a meson of taste b made up of sea quarks F and
with
As mentioned above, U V contributes to the masses of the valence-sea mesons. For the Fx meson, with field Q F x , the mass is
The violation of the Goldstone theorem in eq. (29) clearly arises because there is no lattice axial symmetry that mixes valence and sea quarks.
In a simulation using staggered sea quark configurations, ∆ Mix could be directly determined from the propagator of a mixed meson with one GW valence quark and one staggered valence quark. Since we have no a priori reason to expect a particular sign for C Mix (or equivalently ∆ Mix ), eq. (29) shows there is a possibility of a lattice "Aoki phase" [44] if ∆ Mix < 0. This 11 At least within the context of staggered chiral perturbation theory, taking the fourth root of the staggered sea-quark determinant will not change the standard equivalence between masses of particles on internal and external lines. The fourth-root procedure only changes the weighting, not the mass, of an internal meson made from one valence and one sea quark.
would be similar to the type of lattice phases for staggered quarks discussed in Refs. [26, 28, 45] . The direct measurement of ∆ Mix discussed in the previous paragraph would determine if this possibility is realized in practice.
The flavor-charged (non-diagonal) fields in eq. (14) have only connected propagators in the quark-flow sense, Fig. 1 ; while flavor neutral (diagonal, e.g., U or X) mesons also have disconnected contributions, Fig. 2 . The only complication in the connected case is getting the sign of the propagator right for mesons with one or more ghost valence quarks. Using
[AB](p 2 ) to denote the Euclidean space propagator of field A and B with momentum p, examples of connected propagators are Disconnected propagators for flavor neutral mesons can be generated by the anomaly (m 2 0 ) term in eq. (19) , which gives a "hairpin" interaction (two-meson vertex with disconnected quark flow). Summing such graphs as in Refs. [28, 46] gives, for the disconnected X-Y 
Other disconnected valence-valence propagators are found from eq. (33) by substitution: Let 
If we take the fourth root but keep the number N f of flavors arbitrary, then m 
where L runs over diagonal flavor neutral states (U, D, S, . . . ), and L ′ run over the neutral mass eigenstates (π 0 , η, . . . ), excluding the η ′ .
B. NLO valence-valence mass
We are interested in computing the one-loop correction to the meson made from valence quark x andȳ, i.e., a P + . The P + self energy comes from the meson graphs in Fig. 3 . We thus need the four-meson vertices generated by the kinetic energy, by the mass term, and by U V , with at least one P + and one P − field.
(b) (a)
FIG. 3:
Meson graphs for the P + self energy. Graph (a) has a connected internal propagator (Fig. 1 in the quark flow picture); while graph (b) has a disconnected internal propagator (Fig. 2) .
Expanding the kinetic energy, and including the minus sign for a vertex, gives the following terms with derivatives acting on both P + and P − :
The fields in this expression are defined in eq. (14) . The summation index F runs over sea quarks, typically u, d, and s. There is also an implied sum over the taste index in the product Q † Q. As usual, terms with a derivative on P + or P − , but not both, are not needed since the corresponding diagrams in Fig. 3 will vanish by symmetric momentum integration.
The kinetic energy terms with no derivatives on the P + , P − fields are
Similarly, the mass term and the "mixed potential" U V give, respectively,
where we have used eq. (30).
By including the ghost quark contributions we have guaranteed that quark loop terms from the valence quarks will be canceled automatically, thereby accomplishing the partial quenching. However, we still must understand the meson diagrams at the quark-flow level [40] in order to adjust for the effects of the fourth root procedure on the staggered quarks.
If we assume three flavors of sea quarks for definiteness, the fields P + and P − correspond to Φ 45 and Φ 54 , respectively (cf. eq. (14)). The vertices, Eqs. (36), (37), (38) 
and (38) correspond to vertex Fig. 4(b) ; while all other terms come from the sum over i in Fig. 4(a) .
Note that the graphs in Fig. 4 represent quark flow only; the numerical value of each graph depends on the term in the Lagrangian that generates it, and may also depend on the free index i. In particular the mixed potential U V generates only vertex Fig. 4 (a) terms, and only gives non-zero coefficients of terms where i is a sea quark flavor. This follows from the fact that τ 3 in eq. (25) is proportional to the identity in the pure valence sector, and therefore U V reduces to a field-independent constant in that sector. (37), (38) and (39) . The horizontal x, y lines produce the external P ± fields. Graph Fig. 5(a) ), disconnected XX and Y Y contractions (Fig. 5(b) ), and disconnected XY contractions ( Fig. 5(c) ).
At this point it is easy to make the "by-hand" adjustment necessary to correspond with the fourth-root procedure. The only explicit sea quark loop in Let Σ P + be the P + self energy, defined to be the negative of the sum of self energy diagrams. At NLO, we have
where σ 0 and σ 1 come from the one-loop diagrams and are independent of momentum p.
Since we have not determined the NLO chiral Lagrangian, we cannot express the analytic contributions in terms of chiral parameters. For the quantities of interest, however, it will be sufficient for our purposes to write down the most general contributions consistent with the symmetries. Putting together the one-loop contributions from the vertices Eqs. (36), (37), (38) and (39), we get
where, as usual, F runs over sea quark flavor (e.g., u,d,s), and
suitably regulated. The disconnected propagator is given in eq. (33) or eq. (35). In eq. (42),
we have dropped (constant) quartic divergences and have used Eqs. (26), (29) and (27) to replace factors of quark masses with the corresponding meson masses. The simple identity
has allowed us to remove all explicit factors of q 2 in the integrands involving disconnected propagators.
We now focus explicitly on computing the P ± mass. The chiral symmetry in the valence sector implies that the analytic contributions to (m NLO P ) 2 must be proportional to the treelevel m 2 P ∝ (m x + m y ). In the continuum limit, these contributions just go over to the standard form in terms of the Gasser-Leutwyler parameters L i [21] . At finite lattice spacing, the only possible new NLO analytic term is Ca 2 m 2 P , where C is an unknown constant that depends on the details of the lattice action in both the valence and the sea sectors. Indeed it is easy to write down terms that will appear in the NLO Lagrangian and will contribute to C, for example,
with U S given in eq. (22) . The one-loop corrections to the P ± mass squared are then found
where, from Eqs. (42) and (43),
The integral in eq. (47) can be evaluated in terms of the chiral logarithm and residue functions defined in Refs. [28, 29] . For completeness we include the definitions here. The chiral logarithm functions, coming from integration over a single and double pole, respectively, are:
where Λ χ is the chiral scale, L is the spatial dimension, and the finite volume correction terms are [27] 
K 0 and K 1 are Bessel functions of imaginary argument, and r, which labels the various periodic images, is a three-dimensional vector with integer components.
The residue functions R
[n,k] j allow one to write integrals over ratios of products of (q 2 +m 2 )
terms, such as [XY ] disc (q 2 ), as integrals over single poles. They are defined by
The residues are a function of two sets of masses, the "denominator" set {M} = {m 1 , m 2 , . . . , m n } and the "numerator" set {µ} = {µ 1 , µ 2 , . . . , µ k }. The indices j and i, 1 ≤ j, i ≤ n, refer to particular denominator masses; the prime on the product in the denominator of eq. (50) means that i = j is omitted. In cases of degeneracy, we also need the double-pole residue functions, D
We can now write out eq. (46) explicitly in various useful cases. In the N f = 3 partially quenched case, with no mass degeneracies, we have
XY,I }; {µ
The index j is summed over the denominator masses, as it will also be in subsequent cases;
the mass-set arguments are
Equation (52) is identical to the corresponding continuum partially quenched result with no degeneracies [46] , except for the explicit discretization term a 2 C and the fact that the neutral sea-sea mesons are specified to be taste singlets. For us, "no degeneracies" means that none of the seven meson masses in eq. (53) are equal. We have chosen the normalization of quark masses in the chiral Lagrangian, eq. (19), so that the same constant B appears in the relation between quark and meson masses in both sea and valences cases. However, degeneracies between sea-sea and valence-valence mesons in eq. (53) would not imply equal valence and sea quark masses, because of the splitting of the taste-singlet sea-sea mesons, eq. (27) .
, but with no other degeneracies, then gives
{µ [2] I } ≡ {m U I , m S I } .
When m u = m d ≡m and m x = m y ⇒ m X = m Y , but no degeneracies between sea-sea and valence-valence mesons, we have a "partially quenched pion" with
X,I }; {µ
and {µ (27) is positive.
12 In this case, we have
where we have used eq. (34) to simplify the residues. Similarly, calling a "full kaon" a meson
Equations (58) and (59) clearly approach the standard results [21] as a → 0.
C. NLO valence-valence pseudoscalar decay constant
The decay constant f P of the P ± meson is defined by the matrix element of the corre-
In the LO chiral theory of eq. (19), the axial current is given by
Here λ projects out the appropriate flavors: With three sea-quark flavors as in eq. (14), the valence quarks x and y correspond to indices 4 and 5 of Φ, and then λ ij = δ i5 δ j4 .
At NLO, the decay constant has the form
The term δf P comes from the one-loop diagrams, and the analytic contributions are generated at tree-level by NLO terms in the chiral Lagrangian and corresponding corrections to the current in eq. (61). There are two contributions to δf P ,
where δf current P comes from diagrams generated directly by expanding the current in eq. (61) to cubic order in Φ, and δZ P is the one-loop wave function renormalization. From eq. (40) we have
As in Ref. [29] , a straightforward calculation shows that δf
we then have
with F summed over sea quark flavors.
The analytic terms in eq. (62) come only from NLO terms in the chiral Lagrangian with derivatives, which affect the decay constant either directly, through wave function 13 We use the Noether current corresponding to axial vector rotations as our partially conserved axial vector current. This is justified if the analogous current is used in the underlying lattice theory. A convenient method to construct this current in numerical simulations is described in Ref. [47] . Alternatively, one may employ the corresponding covariant pseudoscalar density to define the decay constant [47] . On the other hand, using a conserved but not covariant axial vector current would result in extra terms proportional to am x and am y , which are not captured in the following results.
renormalization, or indirectly, by leading to higher corrections to the axial current. Thus, O(a 4 ) corrections to the chiral Lagrangian have no effect on eq. (62). There will however be analytic terms from O(p 4 ), O(mp 2 ), and O(a 2 p 2 ) Lagrangian corrections. The former two are identical to those in the continuum, and produce terms proportional to quark masses.
The effects of the latter corrections on f P can be absorbed into a single term proportional to a 2 . We thus have,
where L 4 and L 5 are standard [21] , F is a new constant, and δf P is given by eq. (65).
Because Lagrangian terms of O(ma 2 ) do not affect F , it is easy to see from the discussion surrounding eq. (45) that F is independent of the corresponding constant C occurring in the expression for the meson mass, eq. (46). Like C, F depends on the details of the lattice action in both the sea and valence sectors.
We can now write out the NLO expression for the decay constant in various special cases.
In the N f = 3 partially quenched case, with no mass degeneracies, we have
Y,I }; {µ
j,1 ({M [3] X,I }; {µ
where F runs over u, d, and s. The mass sets {M [4] XY,I } and {µ
I } are given by eq. (53), and
, but no other degeneracies, the result is
Here, {M [3] XY,I } and {µ (2) I } are given in eq. (55); while {M [2] X,I } is defined in eq. (57) (for {M [2] Y,I } take X → Y ). For a "partially quenched pion" with m x = m y , there is considerable simplification because the disconnected contributions in eq. (65) will cancel. Taking in addition m u = m d ≡m for simplicity, we have
There is no obviously preferred way here to define a "full pion" to make the NLO corrections take on a continuum-like form. In the a → 0 limit, the splitting a 2 ∆ Mix in eq. (29) will vanish, and the logarithm terms will clearly approach the standard form [21] : −2ℓ (m 
In the continuum limit, m ux = m π 0
, and m sy = m S I , thereby reproducing the known result [21] .
IV. DISCUSSION
Our results for 2+1 sea quark flavors are currently the most relevant ones, since they can be applied to simulations using the existing configurations generated by the MILC collaboration. Eqs. (56) and (70) 
These masses as well as m 
The first two rows of this expression give the corresponding result in eq. The one-loop result for the pion decay constant -given in eq. (27) in Ref. [29] -also has 15 These two parameters are combinations of the low-energy constants in the potential 
The factor of 1/16 in the first line is canceled in the continuum limit by the sum over b, which runs over all sixteen different meson tastes. As was the case for the pseudoscalar masses, the corresponding expression for the mixed theory, eq. Obviously the functional dependence in the expressions for staggered valence quarks is much more complicated and involves more undetermined parameters than in the corresponding results for the mixed theory. However, the physical low-energy constants, the Gasser-Leutwyler coefficients, enter the expressions in the same way. Therefore, as already pointed out in Ref. [16] , mixed simulations may be used to extract these phenomenologically relevant parameters from numerical lattice simulations.
The NLO formulas computed in Secs. III B and III C also make concrete a rather obvious fact about mixed action theories: At non-zero lattice spacing there is no way to define equality of valence and sea quark masses in order to have all properties that might be desired of a "full" (unquenched) theory. The lattice theory will always have some features of partial quenching, and it is only in the continuum limit that the full theory is obtained.
Depending on the purpose one may wish to choose various definitions to match the sea and valence quark masses. Since the scalar correlator is very sensitive to the effects of partial quenching [48] , it has been proposed to choose the valence quark mass such that the scalar correlator does not have a negative contribution [15] . For the results reported in Ref. [13] the masses were chosen so that the valence-valence pion mass coincides with the Goldstone pion mass made of staggered quarks, i.e., m . In this case, as we have seen in Sec. III B, some chiral logarithms resemble their continuum form and one might expect smaller partial quenching effects than with other definitions. 16 From a theoretical point of view all these definitions are equally good since they guarantee that full unquenched QCD is reached in the continuum limit. Practically, they differ with respect to the size of the partial quenching effects at nonzero lattice spacing, and the quark mass tuning can be rather difficult to achieve, depending on, for example, the statistical errors in the observables used for the matching.
Nevertheless, at least in the context of chiral perturbation theory, there is no fundamental difficulty with using mixed action theories to simulate QCD. The effects of finite lattice spacing can be controlled by first fitting to the chiral forms of the type derived here, and then extrapolating to the continuum limit. Furthermore, as in the pure staggered case [50] , we expect the chiral and continuum limits to commute in the mixed theory for any quantity that has a well-defined chiral limit in the continuum.
APPENDIX A: CONSTRUCTION OF MIXED FOUR-FERMION OPERATORS
In this appendix we construct the mixed four-fermion operators in eq. (5) that enter the Symanzik effective theory at O(a 2 ). We closely follow the procedure and notation in Ref. [26] where the four-fermion operators made of sea quarks only were constructed. The method determines first all lattice four-fermion operators without derivatives and mass insertions that are singlets under the symmetries of the lattice theory. Taking the continuum limit of these terms results in the allowed continuum operators that appear in the Symanzik effective action.
First we convert the staggered fields into hypercube fields, since these fields yield the proper continuum fields when the lattice spacing is sent to zero. Following Refs. [51, 52, 53] the lattice is divided into hypercubes containing 16 sites whose coordinates are written as
The hypercube vector η labels the sites within the hypercube and its components η µ are either 0 or 1. In terms of the site variables χ, χ and the gauge links U the hypercube fields are defined by 
The indices α and a represent the Dirac and taste index, respectively (we suppress the flavor and the color index).
Using the hypercube fields we now construct all mixed four-fermion operators O 4f that are allowed by the symmetries and that correspond to dimension 6 operators in the continuum limit. Four-fermion operators that contain derivatives and/or quark masses are higher than O(a 2 ) in the Symanzik action and can be ignored here. Since no quark mass appears the operators must be invariant under the full chiral symmetries of the massless lattice theory.
The construction proceeds in five steps [26] :
1. Multiply a sea quark bilinear on a hypercube by a valence bilinear at the same lattice point and sum over all hypercubes,
The flavor symmetries dictate that the sea quark bilinear is an SU(N f ) singlet while the valence bilinear is a singlet under SU(N V |N V ). Γ S represents an arbitrary tensor product γ A ⊗ t a ⊗ ξ α of a gamma matrix acting in Dirac space, a color generator t a and an SU(4) taste group generator ξ α . Similarly, Γ V denotes an arbitrary combination Note that the translation operators for different directions commute when acting on staggered bilinears, so the order of them is irrelevant in the product in eq. (A5).
Applying the projection operator eq. (A5) results in many terms with derivatives, which we can neglect. Acting with T µ V on the valence bilinear gives
where we have introduced the usual nearest-neighbor forward difference operator in µ direction, ∇ Using these two results we find
The matrixΓ S differs from Γ S only in the taste matrix: ξ α is replaced by the averagẽ
where the sum runs over all sixteen elements of the Clifford algebra. Only the identity ξ α = I survives this average; for the other 15 taste matrices the average is zero. Thus we conclude that we only need to consider sea quark bilinears in eq. (A4) that are taste singlets.
